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Abstract
Let Meta(G1 >G2, ) denote the set of all integers v such that there exists a (Kv,G1 >G2)-design. In this paper we completely
determine the set Meta(K4 + e >K4, ) for any .
© 2007 Elsevier B.V. All rights reserved.
Keywords: G-design; Metamorphosis; Complete multipartite graph; Group divisible design
1. Introduction
Let G and H be simple ﬁnite graphs, and let H denote the graph H with each of its edges replicated  times. A
-fold G-design of H ((H,G)-design in short) is a pair (X,B) where X is the vertex set of H and B is a collection
of isomorphic copies (called blocks) of the graph G whose edges partition the edges of H . If H is a complete graph
Kn, we refer to such a -fold G-design as one of order n. If = 1, we drop the term “1-fold”.
The graph Kn denotes the complete graph with n vertices. The graph Kn\Km has vertex set of order n containing
a distinguished subset of order m; the edge-set of Kn\Km is the same as the edge-set of Kn but with the (m2 ) edges
between the m distinguished vertices removed. This graph is sometimes referred to as a complete graph of order n with
a hole of size m. The graph Kn1,n2,...,nt denotes the complete multipartite graph with t-parts. Kn\Km can be regarded
as K1,...,1,m with n − m 1s.
Let (X,B) be a (H,G1)-design and G2 a subgraph of G1. Deﬁne sets B(G2) and D(G1\G2) as follows: for
each block B ∈ B, partition B into copies of G2 and G1\G2 and place the copy of G2 in B(G2) and the edges
belonging to the copy ofG1\G2 inD(G1\G2). If the edges belonging toD(G1\G2) can be assembled into a collection
D(G2) of copies of G2, then (X,B(G2) ∪ D(G2)) is a (H,G2)-design, called a metamorphosis of the -fold
G1-design (X,B).
For brevity we denote suchG1-design of H (X,B)with ametamorphosis ofG2-design of H (X,B(G2)∪D(G2))
by (H,G1 >G2)-design, or (X,B,B(G2)∪D(G2)). Let Meta(G1 >G2, ) denote the set of all integers v such that
there exists a (Kv,G1 >G2)-design.
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Let H be a partition of X into subsets called holes. Let H = {X1, X2, . . . , Xt } with |Xi | = ni for 1 i t . Let
Kn1,n2,...,nt be the complete multipartite graph on X with the i-part (or i-hole) on Xi . A -fold holey G1-design with
a metamorphosis of G2-design ((G1 >G2, )-HDM in short) is a quadruple (X,H,B,B(G2) ∪ D(G2)) where
(X,B,B(G2) ∪ D(G2)) is a (Kn1,n2,...,nt , G1 >G2)-design. The hole-type of the HDM is {n1, n2, . . . , nt }. We
usually use an “exponential” notation to describe hole-types: the hole-type 1i2j3k . . . denotes i occurrences of 1, j
occurrences of 2, etc.
Recently, it has been determined the spectrum of Meta(G1 >G2, ) for each pair (G1,G2)= (K3,3, C6), (4-wheel,
bowtie), (4-wheel, C4), (K4,K3) and (K4, C4) with any  by several researchers (see [2–4,11,14]). For a brief history
of further work on the metamorphosis of G-design, see the introduction to [3]. Other recent papers on metamorphosis
include in [10,12,13].
In what follows we will denote the copy of K4 with vertices a, b, c, d by {a, b, c, d} and the copy of K4 + e
with vertices a, b, c, d, f with the dangling edge df by {a, b, c, d − f }. Suppose that B is a collection of iso-
morphic copies of the graph K4 + e. Deﬁne B∗ and DB as follows: For each block B ∈ B, delete the dangling
edge in B, and place the copy of K4 in B∗ and the dangling edge in DB. Further, let (X,B) be a (Kv,K4 +
e)-design, then (X,B,B∗ ∪ B′) is a (Kv,K4 + e >K4)-design if DB can be partitioned into a collection B′
of blocks with size 4. In this paper, we are interested in determining the set of Meta(K4 + e >K4, ) for
any .
Necessary conditions: Recall that a (Kv,K4 + e)-design exists if and only if v(v − 1) ≡ 0 (mod 14) and (v, ) =
(7, 1), (8, 1) (see, [8]); that a (Kv,K4)-design exists if and only if (v−1) ≡ 0 (mod 3) and v(v−1) ≡ 0 (mod 12).
The following are the necessary conditions for existence:
(Kv,K4 + e)-design
mod 7 v
1,2,3,4,5,6 v ≡ 0, 1 (mod 7), (v, ) = (7, 1), (8, 1)
7 all v5
(Kv,K4)-design
 mod 6 v
1,5 v ≡ 1, 4 (mod 12)
2, 4 v ≡ 1 (mod 3)
3 v ≡ 0, 1 (mod 4)
6 all v4
We require the intersection of those conditions for the possible existence of a (Kv,K4 + e >K4)-design, which are
listed as below.
 (mod 42) v
1, 5, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41 v ≡ 1, 28, 49, 64 (mod 84)
2, 4, 8, 10, 16, 20, 22, 26, 32, 34, 38, 40 v ≡ 1, 7 (mod 21)
3, 9, 15, 27, 33, 39 v ≡ 0, 1, 8, 21 (mod 28)
6, 12, 18, 24, 30, 36 v ≡ 0, 1 (mod 7)
7, 35 v ≡ 1, 4 (mod 12)
14, 28 v ≡ 1 (mod 3)
21 v ≡ 0, 1 (mod 4)
42 all v5
Consequently in the subsequent sections we will deal with the set Meta(K4 + e >K4, ) with the cases lambda equal
to 1, 2, 3, 6, 7, 14, 21 and 42.
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2. Recursive constructions
A group-divisible design (or GDD) with index  is a triple (X,G,A), which satisﬁes the following properties:
(1) G is a partition of X into subsets called groups.
(2) A is a set of subsets of X (called blocks) such that a group and a block contain at most one common point.
(3) Every pair of points from distinct groups occurs in exactly  blocks.
The group-type of a GDD (X,G,A) is the multiset {|G| : G ∈ G}. We also usually use an “exponential” notation
to describe group-types: the group-type 1i2j3k . . . denotes i occurrences of 1, j occurrences of 2, etc. We call the
GDD (X,G,A) a (K, )-GDD if |A| ∈ K for every A ∈ A. A ({k}, )-GDD is brieﬂy written as (k, )-GDD. A
(v,K, )-PBD is a (K, )-GDD of type 1v , and a (v, {k}, )-PBD is called a (v, k, )-BIBD.
A transversal design TD(k, n) is a (k, 1)-GDD with kn points, k groups of size n, and n2 blocks of size k. It follows
that every group and every block of a transversal design intersect in a point.
Let Il = {1, 2, . . . , l}. A Latin square of order l is an l × l array in which each cell contains a single element from a
l-set Il , such that each element occurs exactly once in each row and exactly once in each column. Two Latin squares
L1 = (aij ) and L2 = (bij ) of order l on Il are orthogonal if every element in Il × Il occurs exactly once among the l2
pairs (aij , bij ), 1 i, j l. It is well known that a TD(k, n) is equivalent to k − 2 mutually orthogonal Latin squares
(MOLS) of order n.
Construction 2.1 (Weighting construction). Suppose (X,G,A) is a (K, )-GDD, and let : X −→ Z+ ∪{0} be any
function (we refer to  as a weighting). For every x ∈ X, let S(x) be a set of (x) “copies” of x. For every A ∈ A,
suppose that
(∪x∈AS(x), {S(x) : x ∈ A}, BA, BA(G2) ∪DA(G2))
is a (G1 >G2, )-HDM with hole-type {(x) : x ∈ A}. Then
(∪x∈XS(x), {∪x∈GS(x) : G ∈ G}, ∪A∈ABA, ∪A∈A(BA(G2) ∪DA(G2)))
is a (G1 >G2, )-HDM with hole-type {∑x∈G(x) : G ∈ G}.
Construction 2.2 (Filling subdesigns). Let a be a nonnegative integer. Suppose that there exists a (G1 >G2, )-
HDM of hole-type {n1, n2, . . . , nt }. If there is a ((Kni+a\Ka),G1 >G2)-design for each 1 i t − 1, then so does
a ((Kv+a\Knt+a),G1 >G2)-design where v =
∑t
i=1ni . If further there exists a (Knt+a,G1 >G2)-design, then so
does a (Kv+a,G1 >G2)-design.
Construction 2.3 (PBD-construction). Suppose that there exists a (v, L, 1)-PBD. If for each l ∈ L, there is a
(Kl,G1 >G2)-design, then so does a (Kv,G1 >G2)-design.
Construction 2.4 (Repeating blocks). If there exists a (Kv,G1 >G2)-design, then so does a (Kv,G1 >G2)-
design for any positive integer .
Theorem 2.5. If there exists a (4, )-GDD with group type mt11 mt22 · · ·mtss , then so does a (K4 + e >K4, )-HDM of
hole-type (7m1)t1(7m2)t2 · · · (7ms)ts .
Proof. Suppose that (X,G,B) is a (4, )-GDD of type mt11 m
t2
2 · · ·mtss . Let G= {G1,G2, . . . ,Gl} where l =
∑s
i=1ti .
We will construct (K4 + e >K4, )-HDM of hole-type (7m1)t1(7m2)t2 · · · (7ms)ts on set X × Z7, with hole-setH=
{G1 × Z7,G2 × Z7, . . . ,Gl × Z7}.
For each B = {x, y, z, u} ∈ B, letAB consist of the following (K4 + e)-blocks:
{y1, z2, u3, x0 − y0}, {y2, z4, u6, x0 − z0}, {y3, z6, u2, x0 − u0},
{x0, z1, u5, y4 − z4}, {x0, z3, u1, y5 − u5}, {x0, y6, u4, z5 − u5}mod (−, 7).
442 Y. Chang et al. / Discrete Mathematics 308 (2008) 439–456
LetA = ∪B∈BAB . For each block A ∈ A, partition A into copy of K4 and place the copy of K4 inA∗, and the
dangling edges in DA. Note that the edges of DA can be rearranged into the collectionA′ of blocks with size 4:
{x0, y0, z0, u0}mod (−, 7),
where {x, y, z, u} take over all blocks in B. Then it is readily checked that (X × Z7,H,A,A∗ ∪A′) is a (K4 +
e >K4, )-HDM with type (7m1)t1(7m2)t2 · · · (7ms)ts . 
Theorem 2.6 (Inﬂation). If there exists a (K4+e >K4, )-HDMof typemt11 mt22 · · ·mtss , then so does a (K4+e >K4, )-
HDM of type (lm1)t1(lm2)t2 · · · (lms)ts for any integer l3 and l = 6.
Proof. Suppose that (X,G,B,B∗∪B′) is a (K4+e >K4, )-HDMof typemt11 mt22 · · ·mtss withG={G1,G2, . . . ,Gn}
where n =∑si=1ti . Let Il = {1, 2, . . . , l}. For l3 and l = 6, it is well known that there exists a pair of orthogo-
nal Latin squares L1 = (aij ) and L2 = (bij ) of order l on Il . We will construct (K4 + e >K4, )-HDM of type
(lm1)
t1(lm2)
t2 · · · (lms)ts on set X × Il , with hole-setH= {G1 × Il,G2 × Il, . . . ,Gn × Il}.
For eachB={x, y, z, u−v} ∈ B, letAB consist of the following (K4+e)-blocks: {(x, i), (y, j), (z, aij ), (u, bij )−
(v, i)}, where 1 i, j l.
LetA = ∪B∈BAB . For each block A ∈ A, partition A into copy of K4 and place the copy of K4 inA∗, and the
dangling edges in DA. Note that DA = {{(u, i), (v, j)} : {u, v} ∈ B′, (i, j) ∈ Il × Il}. So, the edges of DA can
be rearranged into the collectionA′ of blocks with size 4: {(x, i), (y, j), (z, aij ), (u, bij )}, for each {x, y, z, u} ∈ B′
and 1 i, j l. Then, it is readily checked that (X × Il,H,A,A∗ ∪A′) is a (K4 + e >K4, )-HDM with type
(lm1)
t1(lm2)
t2 · · · (lms)ts . 
We quote the following known results for later use.
Lemma 2.7 (Zhu [15]). Necessary and sufﬁcient conditions for the existence of a (4, )-GDD of type mu are u4,
(u−1)m ≡ 0 (mod 3) and u(u−1)m2 ≡ 0 (mod 12) with the exception of (m, u, ) ∈ {(2, 4, 1), (6, 4, 1)}, in which
case no such GDD exists.
Lemma 2.8 (Ge and Alan [9]). (1) There exists a (4, 1)-GDD of type 12um1 for each u4 and m ≡ 0 (mod 3) with
0m6(u − 1);
(2) There exists a (4, 1)-GDD of type 4um1 for each u6, u ≡ 0 (mod 3) andm ≡ 1 (mod 3) with 1m2(u− 1).
Lemma 2.9 (Brouwer [5]). If v ≡ 1 (mod 3) and v = 10, 19, then there exists a ({4, 7}, 1)-GDD of type 3(v−1)/3 and
hence a (v, {4, 7}, 1)-PBD.
Lemma 2.10 (Brouwer et al. ([6])). A (4, 1)-GDD of type 2u51 exists if and only if u ≡ 0 (mod 3), u9.
3. = 1
Lemma 3.1. There exists a (K28,K4 + e >K4)-design.
Proof. Let  be a root of the primitive polynomial x2 + x + 2 = 0 over Z3. Then  is a primitive element of the ﬁnite
ﬁeld Z3[] containing nine elements.
LetX=((Z3[],+)×Z3)∪{∞}. Let (X,B) be the (K28,K4+e)-design with base blocks developed in (Z3[],+):
{(1, i), (−1, i), (, i +1), (−, i +1)−∞}, {(2, i), (−2, i), (3, i +1), (−3, i +1)− (−3, i)}, i =1, 2, 3. Delete
the dangling edge in each (K4 + e)-block and rearrange them into base block: {∞, (0, 0), (0, 1), (0, 2)}. 
Lemma 3.2. There exists a (Kn,K4 + e >K4)-design where n = 85, 169 and 253.
Proof. n = 85: Let (Z85,B) be the cyclic (K85,K4 + e)-design with base blocks:
{0, 17, 32, 38.39}, {0, 18, 27, 37.39}, {0, 13, 29, 36.77},
{0, 11, 31, 35.77}, {0, 12, 26, 34.73}, {0, 5, 30, 33.73}.
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Delete the dangling edge in each (K4 + e)-block and rearrange them into base block: {0, 2, 41, 42}.
n = 169: Let (Z169,B) be the cyclic (K169,K4 + e)-design with base blocks:
{0, 15, 31, 49.63}, {0, 19, 43, 63.99}, {0, 25, 53, 107.38},
{0, 27, 59, 119.141}, {0, 29, 66, 114.31}, {0, 30, 71, 127.22},
{0, 35, 73, 124.145}, {0, 13, 52, 78.11}, {0, 1, 11, 123.33},
{0, 2, 6, 76.99}, {0, 3, 8, 160.49}, {0, 7, 40, 101.13}.
Delete the dangling edge in each (K4+e)-block and rearrange them intobaseblocks: {0, 14, 36, 100}, {0, 21, 79, 102}.
n = 253: Let (Z253,B) be the cyclic (K253,K4 + e)-design with base blocks:
{0, 14, 29, 45.46}, {0, 18, 37, 57.60}, {0, 24, 49, 75.77},
{0, 27, 55, 85.181}, {0, 32, 66, 101.196}, {0, 36, 74, 114.207},
{0, 41, 83, 127.131}, {0, 43, 89, 137.7}, {0, 47, 109, 197.54},
{0, 50, 120, 192.45}, {0, 52, 112, 180.46}, {0, 53, 118, 182.195},
{0, 54, 113, 176.4}, {0, 6, 105, 138.143}, {0, 7, 87, 98.200},
{0, 8, 17, 153.229}, {0, 10, 22, 171.15}, {0, 23, 90, 169.190}.
Delete the dangling edge in each (K4 + e)-block and rearrange them into base blocks: {0, 1, 3, 96}, {0, 4, 110, 123},
{0, 5, 81, 102}. 
Lemma 3.3. There exists a (Kn,K4 + e >K4)-design where n = 49, 64, 133, 148 and 232.
Proof. n = 49: Let (Z49,B) be the (K49,K4 + e)-design with base blocks developed in 7Z49:
{2, 3, 5, 10.7}, {2, 4, 9, 1.8}, {4, 6, 11, 3.8},
{4, 5, 12, 7.8}, {5, 6, 13, 8.10}, {6, 7, 9, 14.22},
{1, 10, 20, 33.23}, {2, 11, 34, 21.30}, {3, 22, 35, 12.25},
{5, 24, 37, 14.33}, {6, 15, 38, 25.2}, {13, 23, 36, 4.21},
{2, 20, 31, 6.21}, {3, 7, 32, 21.39}, {6, 10, 24, 35.39},
{5, 19, 30, 1.21}, {8, 22, 33, 4.18}, {9, 23, 34, 5.21},
{1, 22, 34, 7.28}, {2, 8, 23, 35.41}, {3, 9, 24, 36.11},
{10, 25, 37, 4.15}, {11, 26, 38, 5.42}, {12, 27, 39, 6.33}.
Delete the dangling edge in each (K4 +e)-block and rearrange them into base blocks developed in 7Z49: {0, 1, 3, 8},
{0, 4, 18, 29}, {0, 6, 21, 33}, {0, 9, 19, 32}.
n = 64: Let (Z63 ∪ {∞},B) be the (K64,K4 + e)-design with base blocks (the ﬁrst two base blocks are developed
in Z63, and the other 18 base blocks are developed in 7Z63):
{0, 10, 24, 47.5}, {0, 12, 27, 44.∞},
{2, 4, 8, 1.0}, {2, 3, 9, 5.0}, {4, 6, 10, 3.0},
{4, 5, 11, 7.0}, {6, 8, 12, 5.35}, {6, 9, 13, 7.3},
{1, 6, 36, 14.27}, {2, 15, 37, 7.42}, {3, 16, 38, 8.14},
{4, 9, 39, 17.15}, {5, 10, 18, 40.48}, {6, 11, 19, 41.63},
{1, 10, 39, 21.59}, {3, 12, 41, 23.34}, {4, 24, 42, 13.31},
{5, 25, 43, 14.34}, {6, 15, 26, 44.35}, {11, 22, 40, 2.31}.
Delete the dangling edge in each (K4 + e)-block and rearrange them into base blocks: {∞, 0, 21, 42} (short block),
{0, 1, 3, 7}, {0, 5, 13, 35}, {0, 9, 20, 38} (the ﬁrst base block is developed in Z63, and the other 3 base blocks are
developed in 7Z63).
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n = 133: Let (Z133,B) be the (K133,K4 + e)-design with base blocks (the ﬁrst six base blocks are developed in
Z133, and the other 24 base blocks are developed in 7Z133):
{0, 24, 52, 92.106}, {0, 10, 21, 33.48}, {0, 8, 30, 78.94},
{0, 2, 27, 71.100}, {0, 5, 39, 82.113}, {0, 6, 13, 86.131},
{2, 5, 37, 1.0}, {2, 3, 38, 6.93}, {3, 4, 39, 7.11},
{5, 8, 40, 4.36}, {5, 6, 9, 41.79}, {6, 7, 10, 42.78},
{1, 59, 108, 21.128}, {22, 60, 109, 2.51}, {3, 61, 110, 23.98},
{24, 62, 111, 4.1}, {5, 25, 112, 63.83}, {6, 26, 113, 64.99},
{1, 19, 80, 38.121}, {20, 39, 81, 2.44}, {3, 40, 82, 21.58},
{22, 41, 83, 4.23}, {5, 23, 42, 84.102}, {24, 43, 85, 6.63},
{1, 10, 60, 77.86}, {11, 61, 78, 2.69}, {3, 12, 62, 79.18},
{4, 13, 80, 63.9}, {5, 64, 81, 14.73}, {15, 65, 82, 6.122}.
Delete the dangling edge in each (K4 + e)-block and rearrange them into base blocks: {0, 14, 29, 45}, {0, 1, 4, 36},
{0, 20, 58, 107}, {0, 18, 37, 79}, {0, 9, 59, 76} (the ﬁrst base block is developed in Z133, and the other four base blocks
are developed in 7Z133).
n=148: Let (Z147∪{∞},B) be the (K148,K4+e)-design with base blocks (the ﬁrst eight base blocks are developed
in Z147, and the other 18 base blocks are developed in 7Z147):
{0, 10, 21, 33.35}, {0, 14, 29, 45.48}, {0, 24, 52, 111.116},
{0, 25, 67, 117.49}, {0, 26, 66, 112.47}, {0, 4, 17, 58.142},
{0, 7, 51, 78.127}, {0, 22, 56, 99.∞},
{1, 19, 38, 58.39}, {2, 20, 59, 39.78}, {3, 40, 60, 21.39},
{4, 41, 61, 22.2}, {5, 23, 62, 42.99}, {6, 24, 43, 63.100},
{2, 10, 74, 1.0}, {3, 11, 75, 2.141}, {4, 12, 76, 3.86},
{4, 5, 13, 77.3}, {5, 6, 78, 14.23}, {6, 7, 79, 15.87},
{1, 7, 39, 101.16}, {3, 9, 103, 41.73}, {4, 10, 104, 42.48},
{5, 11, 43, 105.143}, {8, 40, 102, 2.49}, {12, 44, 106, 6.100}.
Delete the dangling edge in each (K4 + e)-block and rearrange them into base blocks: {0, 2, 5, 84}, {∞, 0, 49, 98}
(short block), {0, 18, 37, 57}, {0, 1, 9, 73}, {0, 6, 38, 100} (the ﬁrst two base blocks are developed inZ147, and the other
three base blocks are developed in 7Z147).
n= 232: Let (Z231 ∪ {∞},B) be the (K232,K4 + e)-design with base blocks (the ﬁrst 14 base blocks are developed
in Z231, and the other 18 base blocks are developed in 7Z231):
{0, 24, 49, 75.76}, {0, 27, 55, 85.87}, {0, 32, 79, 113.116},
{0, 35, 101, 137.144}, {0, 38, 107, 147.160}, {0, 41, 104, 157.171},
{0, 42, 112, 177.192}, {0, 43, 111, 175.191}, {0, 44, 105, 172.14},
{0, 46, 171, 179.24}, {0, 21, 50, 121.201}, {0, 5, 93, 141.224},
{0, 4, 82, 91.168}, {0, 6, 114, 145.∞},
{1, 19, 58, 38.57}, {2, 39, 59, 20.38}, {4, 22, 61, 41.98},
{5, 23, 42, 62.99}, {18, 37, 57, 0.211}, {21, 40, 60, 3.42},
{1, 11, 34, 23.35}, {2, 12, 24, 35.13}, {3, 25, 36, 13.23},
{4, 14, 26, 37.60}, {5, 15, 38, 27.60}, {10, 22, 33, 0.11},
{1, 63, 160, 18.152}, {3, 65, 162, 20.37}, {4, 21, 66, 163.74},
{5, 22, 164, 67.139}, {0, 17, 159, 62.124}, {19, 64, 161, 2.47}.
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Delete the dangling edge in each (K4 + e)-block and rearrange them into base blocks:{0, 1, 14, 16}, {0, 3, 76, 83},
{∞, 0, 77, 154}(short block), {6, 24, 43, 63}, {6, 16, 28, 39}, {6, 23, 68, 165} (the ﬁrst three base blocks are developed
in Z231, and the other three base blocks are developed in 7Z231). 
Lemma 3.4. For any integer v ≡ 1, 28 (mod 84), there exists a (Kv,K4 + e >K4)-design.
Proof. For v = 28, 85, 169, 253, the conclusion follows by Lemmas 3.1 and 3.2.
For v = 84s + 1 and s4: By Lemma 2.7 there exists a (4, 1)-GDD(12s) for s4. There exists a (K4 + e >K4, 1)-
HDM(84s) by Theorem 2.5. By Construction 2.2 with a = 1, we have a (Kv,K4 + e >K4)-design.
For v = 84s + 28 and s1: By Lemma 2.7 there exists a (4, 1)-GDD(43s+1) for s1. There exists a (K4 +
e >K4, 1)-HDM(283s+1) by Theorem 2.5. By Construction 2.2 with a=0, we have a (Kv,K4 + e >K4)-design. 
Lemma 3.5. For any integer v ≡ 49, 64 (mod 84), there exists a (Kv,K4 + e >K4)-design.
Proof. For v = 49, 64, 133, 148, 232, the conclusion follows by Lemma 3.3.
For v = 316: By Lemma 2.7 there exists a (4, 1)-GDD of type 95. By Theorem 2.5 there exists a (K4 + e >K4, 1)-
HDM of hole-type 635. Add one ideal point to each hole of the HDM, we obtain a (K316,K4 + e >K4)-design by
Construction 2.2.
For v = 84s + 49 and s2: By Lemma 2.8 there exists a (4, 1)-GDD(43s71) for s2. There exists a (K4 +
e >K4, 1)-HDM(283s491) by Theorem 2.5. By Construction 2.2 with a = 0, we have a (Kv,K4 + e >K4)-design.
For v = 84s + 64 and s4: By Lemma 2.8 there exists a (4, 1)-GDD(12s91) for s4. There exists a (K4 +
e >K4, 1)-HDM(84s631) by Theorem 2.5. By Construction 2.2 with a=1, we have a (Kv,K4 + e >K4)-design. 
Theorem 3.6. Meta(K4 + e >K4, 1) = {v : v ≡ 1, 28, 49, 64 (mod 84), v28}.
Proof. The conclusion follows by Lemmas 3.4 and 3.5. 
4. = 2
Lemma 4.1. There exists a (2K7,K4 + e >K4)-design.
Proof. Let ((Z3 ×I2)∪{∞},B) be the (2K7,K4 +e)-design with base blocks developed in (Z3,−): {00, 01, 21,∞−
10}, {00, 11, 21, 10 − 20}. Delete the dangling edge in each (K4 + e)-block, and rearrange them into block of size 4:
{00, 10, 20,∞}. 
Lemma 4.2. There exists a (2Kn,K4 + e >K4)-design where n = 22, 43 and 70.
Proof. n = 22: Let (Z22,B) be the cyclic (2K22,K4 + e)-design with base blocks:
{0, 4, 16, 17.21}, {0, 12, 14, 21.6}, {0, 14, 16, 19.8}.
Delete the dangling edge in each (K4 + e)-block and rearrange them into base block: {0, 4, 11, 15} (short block).
n = 43: Let (Z43,B) be the cyclic (2K43,K4 + e)-design with base blocks:
{0, 1, 6, 36.37}, {0, 3, 18, 22.28}, {0, 9, 11, 23.30},
{0, 10, 12, 26.9}, {0, 13, 35, 38.22}, {0, 19, 28, 39.29}.
Delete the dangling edge in each (K4 + e)-block and rearrange them into base block: {0, 26, 27, 33}.
n= 70: By Lemma 2.7 there exists a (4, 2)-GDD of type 110. By Theorem 2.5 there exists a (K4 + e >K4, 2)-HDM
of hole-type 710. Applying Construction 2.2 and Lemma 4.1, we have a (2K70,K4 + e >K4)-design. 
Lemma 4.3. There exists a (2(K28\K7),K4 + e >K4)-design.
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Proof. There exists a (4, 2)-GDD(14) by Lemma 2.8 and hence there exists a (K4 + e >K4, 2)-HDM(74) by The-
orem 2.5. Filling the ﬁrst three holes of this HDM with a (2K7,K4 + e >K4)-design from Lemma 4.1, we obtain a
(2(K28\K7),K4 + e >K4)-design. 
Lemma 4.4. For any integer v ≡ 1, 7 (mod 21), there exists a (2Kv,K4 + e >K4)-design.
Proof. For v = 7, 22, 43, 70, the conclusion follows from Lemmas 4.1 and 4.2. For v = 28, 49, 64, the conclusion
follows by Theorem 3.6 and Construction 2.4.
Let v = 21s +  where  = 1, 7 and s4. By Lemma 2.7 there exists a (4, 2)-GDD(3s) for s4. By Theorem 2.5
there exists a (K4 + e >K4, 2)-HDM(21s). By Construction 2.2 with a = , we have a (2Kv,K4 + e >K4)-design.
The input designs are from Lemmas 4.2 and 4.3. 
Theorem 4.5. Meta(K4 + e >K4, 2) = {v : v ≡ 1, 7 (mod 21), v7}.
Proof. The conclusion follows by Lemma 4.4. 
5. = 3
Lemma 5.1. There exists a (3K8,K4 + e >K4)-design.
Proof. Let (Z7 ∪ {∞},B) be the (3K8,K4 + e)-design with blocks:
{2, 3, 5, 1.4}, {2, 3, 6, 4.0}, {3, 4, 5, 0.1},
{4, 5, 6, 1.2}, {0, 5, 6, 2.4}, {1, 3, 6, 0.2},
{1, 2, 4,∞.3}, {2, 5,∞, 3.1}, {4, 6,∞, 3.0},
{4, 5,∞, 0.1}, {1, 5, 6,∞.0}, {0, 2, 6,∞.1}.
Delete the dangling edge in each (K4 + e)-block and rearrange them into blocks: {0, 1, 2, 4}, {0, 1, 3,∞}. 
Lemma 5.2. There exists a (3K21,K4 + e >K4)-design.
Proof. Let (Z21,B) be the cyclic (3K21,K4 + e)-design with the base blocks developed in 7Z21:
{1, 3, 4, 2.0}, {3, 4, 5, 2.1}, {4, 5, 6, 3.2},
{4, 5, 6, 7.8}, {5, 6, 7, 8.10}, {6, 8, 9, 7.10},
{1, 3, 14, 7.9}, {4, 8, 15, 2.13}, {3, 5, 9, 16.20},
{4, 10, 17, 6.13}, {5, 11, 18, 7.20}, {8, 12, 19, 6.0},
{1, 4, 15, 10.7}, {5, 11, 16, 2.17}, {6, 12, 17, 3.14},
{4, 13, 18, 7.0}, {5, 8, 19, 14.9}, {6, 15, 20, 9.0},
{4, 9, 15, 1.7}, {2, 5, 16, 10.0}, {6, 11, 17, 3.8},
{4, 12, 18, 7.10}, {5, 13, 19, 8.0}, {6, 9, 20, 14.0},
{1, 5, 10, 14.6}, {6, 11, 15, 2.14}, {3, 12, 16, 7.11},
{8, 13, 17, 4.9}, {5, 9, 14, 18.6}, {10, 15, 19, 6.2}.
Delete the dangling edge in each (K4 + e)-block and rearrange them into base blocks developed in 7Z21: {0, 1, 2, 3},
{0, 2, 6, 13}, {0, 3, 8, 14}, {0, 3, 9, 14}, {0, 4, 9, 13}. 
Lemma 5.3. There exists a (3Kn,K4 + e >K4)-design where n = 29, 56, 57, 84 and 92.
Proof. For t=4, 8, 13, there exists a (4, 3)-GDDof type 1t by Lemma 2.7. Hence, there exists a (K4+e >K4, 3)-HDM
of hole-type 7t by Theorem 2.5. Note that there is a (3K8,K4 + e >K4)-design by Lemma 5.1. Adding one ideal point
to each hole of the HDM, then we obtain a (3K7t+1,K4 + e >K4)-design by Construction 2.2.
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n = 84: There exists a (4, 3)-GDD of type 34 by Lemma 2.7. Hence, there exists a (K4 + e >K4, 3)-HDM of
hole-type 214 by Theorem 2.5. By Lemma 5.2 and Construction 2.2 a (3K84,K4 + e >K4)-design exists.
n = 56: Suppose thatH = {{i, 7 + i} : 0 i6}. Let (Z14,H,B) be the (K2,2,...,2,K4 + e)-design with base
blocks developed in 7Z14:
{1, 2, 5, 7.8}, {2, 3, 8, 6.4}, {3, 4, 9, 7.13},
{5, 8, 10, 4.1}, {5, 9, 11, 6.1}, {6, 10, 12, 7.11}.
Delete the dangling edge in each (K4+e)-block and rearrange them into base block developed in 7Z14: {0, 1, 4, 6}. This
gives a (K4+e >K4, 1)-HDM(27), and hence a (K4+e >K4, 3)-HDM(27) exists byConstruction 2.4. ByTheorem2.6
with l=4 there exists a (K4+e >K4, 3)-HDM(87). By Lemma 5.1 and Construction 2.2 a (3K56,K4+e >K4)-design
exists. 
Lemma 5.4. There exists a (3(K36\K8),K4 + e >K4)-design and so does a (3K36,K4 + e >K4)-design.
Proof. ByLemma 2.7 there exists a (4, 3)-GDDof type 15. Hence, there exists a (K4+e >K4, 3)-HDMof hole-type 75
byTheorem 2.5. Note that there is a (3K8,K4+e >K4)-design by Lemma 5.1.Add one ideal point to the ﬁrst four holes
of theHDM,we obtain a (3(K36\K8),K4+e >K4)-design byConstruction 2.2. Further, a (3K36,K4+e >K4)-design
exists. 
Lemma 5.5. For any integer v ≡ 0, 1, 8 (mod 28), there exists a (3Kv,K4 + e >K4)-design.
Proof. For v = 8, 29, 36, 56, 57, 84, 92, the conclusion follows by Lemmas 5.1, 5.3 and 5.4. For v = 28, 64, 85, the
conclusion follows by Theorem 3.6 and Construction 2.4.
Let v=28s+where =0, 1, 8 and s4. By Lemma 2.7 there exists a (4, 3)-GDD(4s). By Theorem 2.5 there exists
a (K4 + e >K4, 3)-HDM(28s). Add  inﬁnity point to each group of the HDM to get a (3Kv,K4 + e >K4)-design.
The needed designs are come from Lemmas 5.3 and 5.4. 
Lemma 5.6. There exists a (3(K98\K14),K4 + e >K4)-design.
Proof. Let (Z84 ∪ {∞1,∞2, . . . ,∞14},B) be the (3(K98\K14),K4 + e)-design with 1998 blocks. The ﬁrst 1920 =
84 × 22 + 12 × 6 blocks are obtained by developing the ﬁrst 22 base blocks in Z84 and the other six base blocks in
7Z84:
{0, 12, 31, 61.76}, {0, 12, 31, 61.76}, {0, 12, 31, 61.10},
{0, 11, 27, 56.5}, {0, 11, 27, 56.30}, {0, 11, 27, 56.30},
{0, 10, 24, 44.62}, {0, 10, 24, 44.62}, {0, 10, 24, 44.3},
{∞2, 0, 1, 37.80}, {∞3, 0, 1, 38.63}, {∞4, 0, 2, 8.33},
{∞5, 0, 2, 38.43}, {∞6, 0, 3, 7.20}, {∞7, 0, 3, 7.29},
{∞8, 0, 4, 36.44}, {∞9, 0, 5, 22.39}, {∞10, 0, 5, 37.46},
{∞11, 0, 6, 13.34}, {∞12, 0, 6, 38.59}, {∞13, 0, 8, 17.38},
{∞14, 0, 9, 22.64};
{1, 34, 59, 16.57}, {2, 17, 60, 35.50}, {3, 18, 61, 36.54},
{4, 37, 62, 19.44}, {5, 20, 38, 63.12}, {6, 39, 64, 21.79}.
The other 78 blocks are as follows:
{2 + 7i, 4 + 7i,∞1, (1 + 7i).(7i)}, {2 + 7i, 5 + 7i,∞1, (3 + 7i).(1 + 7i)},
{4 + 7i, 6 + 7i,∞1, (3 + 7i).(7i)}, {4 + 7i, 5 + 7i, 7 + 7i,∞1.(7i)},
{5 + 7i, 6 + 7i, 8 + 7i,∞1.(1 + 7i)}, {6 + 7i, 7 + 7i, 9 + 7i,∞1.(3 + 7i)}, 0 i5;
{∞1, 1 + j, 2 + j, (4 + j).(46 + j)}, 41j82.
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Delete the dangling edge in each (K4 + e)–block and rearrange them into base blocks: 2{0, 15, 33, 58} (where mB
means that the block B appears m times), {0, 5, 13, 22}, {0, 21, 42, 63} (each block of the short orbit repeats three
times), {0, 15, 33, 58} (the ﬁrst four base blocks are developed in Z84, and the ﬁfth base block is developed in 7Z84);
addition to the following blocks: {∞1, 7i, 1 + 7i, 3 + 7i} for 0 i5. 
Lemma 5.7. There exists a (3Kn,K4 + e >K4)-design where n = 77, 161, 245 and 329.
Proof. n=77: Let (Z77,B) be the cyclic (3K77,K4+e)-designwith base blocks (the ﬁrst 12 base blocks are developed
in Z77, and the other 30 base blocks are developed in 7Z77):
3{0, 9, 28, 52.53}, {0, 12, 33, 50.52}, {0, 3, 7, 13.15},
{0, 4, 10, 14.16}, {0, 5, 18, 23.26}, {0, 6, 29, 51.56},
{0, 7, 15, 69.72}, {0, 7, 29, 42.2}, {0, 8, 26, 40.72},
{0, 14, 29, 51.9};
3{1, 12, 48, 32.68}, 3{2, 13, 33, 49.60}, 3{3, 34, 50, 14.61},
3{4, 15, 51, 35.66}, 3{6, 37, 53, 17.74}, 3{16, 36, 52, 5.66},
2{13, 34, 51, 1.28}, 2{2, 35, 52, 14.47}, 2{3, 15, 53, 36.75},
2{4, 16, 37, 54.33}, 2{17, 38, 55, 5.22}, 2{6, 18, 39, 56.68}.
Delete the dangling edge in each (K4 + e)-block, and rearrange them into the base blocks: {0, 1, 2, 3}, {0, 2, 5, 37},
3{0, 11, 31, 47}, 2{0, 12, 33, 50}. Note that the ﬁrst two base blocks are developed inZ77, and the other ﬁve base blocks
are developed in 7Z77.
n=161: Suppose thatH={{i, 8+ i, 16+ i, 24+ i} : 0 i7}. Let (Z32,H,B) be the cyclic (3K4,4,...,4,K4 + e)-
design with base blocks:
{0, 2, 5, 9.10}, {0, 3, 12, 22.23}, {0, 4, 14, 19.20},
{0, 4, 15, 21.23}, {0, 5, 11, 23.25}, {0, 6, 13, 20.23}.
Delete the dangling edge in each (K4 + e)-block, and rearrange them into base block: {0, 1, 2, 3}. This gives a (K4 +
e >K4, 3)-HDM(48). By Theorem 2.6 with l = 5 there exists a (K4 + e >K4, 3)-HDM(208). By Lemma 5.2 and
Construction 2.2 with a = 1 there exists a (3K161,K4 + e >K4)-design.
n= 245: By Lemma 2.7 there is a (4, 3)-GDD(75). By Theorem 2.5 there exists a (K4 + e >K4, 3)-HDM(495). By
Lemma 3.3 and Construction 2.2 there exists a (3K245,K4 + e >K4)-design.
n = 329: We ﬁrst construct a cyclic (4, 3)-GDD(31381) on Z39 ∪ {∞1,∞2, . . . ,∞8} as follows:
{0, 1, 2, 3}, {0, 2, 5, 8}, {0, 4, 8, 12},
{0, 5, 10, 22}, {0, 6, 18, 25}, {0, 6, 20,∞1},
{0, 7, 22,∞2}, {0, 7, 23,∞3}, {0, 9, 20,∞4},
{0, 9, 23,∞5}, {0, 9, 24,∞6}, {0, 10, 21,∞7},
{0, 10, 21,∞8}.
By Theorem 2.5 there exists a (K4 + e >K4, 3)-HDM(2113561). By Lemmas 5.2, 5.3 and Construction 2.2 with a = 0
there exists a (3K329,K4 + e >K4)-design. 
Lemma 5.8. For any integer v ≡ 21 (mod 28), there exists a (3Kv,K4 + e >K4)-design.
Proof. For v = 21, 77, 161, 245, 329, the conclusion follows by Lemmas 5.2 and 5.7. For v = 84s + 49 and s0, the
conclusion follows by Theorem 3.6 and Construction 2.4.
For v = 84s + 21 and s1: By Lemma 2.7 there exists a (4, 3)-GDD(34s+1). By Theorem 2.5 there exists a
(K4 + e >K4, 3)-HDM(214s+1). So, there exists a (3Kv,K4 + e >K4)-design by Lemma 5.2 and Construction 2.2.
For v = 84s + 77 and s4: By Lemma 2.8 there exists a (4, 1)-GDD(12s91) and hence a (4, 3)-GDD(12s91). By
Theorem 2.5 there exists a (K4 + e >K4, 3)-HDM(84s631). Add 14 ideal points to each hole of the HDM to get a
(3Kv,K4 + e >K4)-design. The input designs are come from Lemmas 5.6 and 5.7. 
Y. Chang et al. / Discrete Mathematics 308 (2008) 439–456 449
Theorem 5.9. Meta(K4 + e >K4, 3) = {v : v ≡ 0, 1, 8, 21 (mod 28), v8}.
Proof. The conclusion follows by Lemmas 5.5 and 5.8. 
6. = 6
Lemma 6.1. There exists a (6Kn,K4 + e >K4)-design where n = 14, 15.
Proof. n = 14: Let (Z13 ∪ {∞},B) be the (6K14,K4 + e)-design with base blocks:
{0, 2, 6, 8.9}, {0, 1, 2, 5.6}, {0, 1, 5, 8.9},
{0, 2, 6, 9.11}, {∞, 0, 3, 8.10}, {∞, 0, 3, 7.10}.
Delete the dangling edge in each (K4 + e)-block and rearrange the deleted edges into the base block: {0, 1, 2, 3}. 
n = 15: Let (Z15,B) be the cyclic (6K15,K4 + e)-design with base blocks:
{0, 1, 3, 6.7}, {0, 1, 4, 8.9}, {0, 1, 6, 9.10},
{0, 2, 6, 10.12}, {0, 2, 6, 11.13}, {0, 2, 7, 10.13}.
Delete the dangling edge in each (K4 + e)-block and rearrange the deleted edges into the base block: {0, 1, 2, 3}. 
Lemma 6.2. For any integer v ≡ 0, 1 (mod 7), there exists a (6Kv,K4 + e >K4)-design.
Proof. For v = 7, 8, 21, 22, the conclusion follows by Theorems 4.5, 5.9 and Construction 2.4. For v = 14, 15, the
conclusion follows by Lemma 6.1. Next we deal with the case v28.
Let v=7s+where =0, 1where s4. ByLemma 2.7 there exists a (4, 6)-GDD(1s) for s4. ByTheorem 2.5 there
exists a (K4 + e >K4, 6)-HDM(7s). Add  ideal points to each hole of the HDM to get a (6Kv,K4 + e >K4)-design
by Construction 2.2. 
Theorem 6.3. Meta(K4 + e >K4, 6) = {v : v ≡ 0, 1 (mod 7), v7}.
Proof. The conclusion follows by Lemmas 6.2. 
7. = 7
Lemma 7.1. There exists a (K4 + e >K4, 7)- HDM of hole-types 44 and 47.
Proof. Let F4 be a ﬁnite ﬁeld with primitive element  such that 2 +  + 1 = 0. Then F4 = {0, 1, ,  + 1}. Let
X = F4 × {1, 2, 3, 4} and G = {F4 × {i} : i = 1, 2, 3, 4}. We construct a (7K4,4,4,4,K4 + e)-design (X,G,B) with
base blocks developed in (F4,+):
{01, 02, 03, 04.a} where a = 1, 12, (+ 1)2, 13, 3, (+ 1)3;
{01, 12, (+ 1)4, 3.b} where b = 11, 1, (+ 1)1, 2, (+ 1)2, 4;
{01, (+ 1)3, 14, 2.c} where c = 11, 1, 03, 13, 04, 4;
{(+ 1)2, 13, 4, 01.d} where d = 12, 2, 3, 04, 14, (+ 1)4.
Delete the dangling edge in each (K4 + e)-block and rearrange them into the base block: {01, i2, (i)3, (2i)4}, where
i ∈ F4.
Next we deal with the case of hole-type 47: LetG={7Z28 + i : 0 i6}. We construct a (7K4,...,4,K4 + e)-design
(Z28,G,B) with base blocks developed in Z28:
2{0, 1, 2, 6.9}, 2{0, 2, 8, 19.3}, 2{0, 3, 8, 18.6},
{0, 1, 2, 3.12}, {0, 2, 5, 11.20}, {0, 3, 9, 18.22},
{0, 4, 10, 20.24}, 2{0, 4, 12, 17.2}.
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Delete the dangling edge in each (K4+e)-block and rearrange them intobaseblock: 2{0, 3, 12, 16} (where 2{0, 3, 12, 16}
means that the block {0, 3, 12, 16} appears twice). 
Lemma 7.2. Let q ≡ 1 (mod 12) be a prime power and q5. Then there is a (7Kq,K4 + e >K4)-design.
Proof. Let Fq be a ﬁnite ﬁeld with q elements. Choose four distinct elements a, b, c and d in F ∗q . We construct a
(7Kq,K4+e)-design by listing the base blocks: {0, ai, bi, ci−di}, where i take over all representatives inF ∗q /{1,−1}.
Delete the dangling edge in each (K4 + e)-blocks and place them in D and thus D forms a complete graph Kq . By
Lemma 2.7 there is a (4, 1)-GDD(1q) (Fq,BD). So, the deleting edges D can be rearranged into a collection BD of
block of size 4. 
Lemma 7.3. Let q ≡ 1 (mod 4) be a prime power. Then there exists a (7K3q+1,K4 + e >K4)-design.
Proof. Let Fq be a ﬁnite ﬁeld with q elements. Choose two non-zero elements a, b in Fq such that a = ±b. Let
R be the set of all representatives in F ∗q /{1,−1} such that 1 ∈ R. We construct a (7K3q+1,K4 + e)-design on set
X = (Fq × Z3) ∪ {∞} by listing the base blocks:
{(−ar)j , (ar)j , (−br)j+1, (br)j+1 − 0j+1} where r ∈ R and j ∈ Z3;
{(−ar)j , (ar)j , (−br)j+1, (br)j+1 − 0j } where r ∈ R\{1} and j ∈ Z3;
{(−ar)j , (ar)j , (−br)j+1, (br)j+1 − 0j+2} where r ∈ R\{1} and j ∈ Z3;
{(−a)j , aj , (−b)j+1, bj+1 − x} where j ∈ Z3 and x = ∞, bj+2;
{∞, 0j , 0j+1, 0j+2 − x} where j ∈ Z3 and x = bj , bj+1.
Delete the dangling edge in each (K4 + e)-blocks and place them in D and thus D forms a complete graph K3q+1 on
X. By Lemma 2.7 there is a (4, 1)-GDD(13q+1) (X,BD). So, the deleting edgesD can be rearranged into a collection
BD of blocks of size 4. 
Lemma 7.4. There exists a (7Kn,K4 + e >K4)- design where n = 16, 40, 52, 76.
Proof. The conclusion follows by applying Lemma 7.3 with q = 5, 13, 17, 25, respectively. 
Lemma 7.5. There exists a (7(K16\K4),K4 + e >K4)-design.
Proof. Let X1 ={∞1,∞2,∞3,∞4} and X2 ={a, b, c, d, e, f }. Set X=X1 ∪ (X2 ×Z2). We consider the following
collection B of copies of K4 + e:
{bi, fi, di+1,∞1 − x}, x ∈ {ai, bi+1, ci, di, ei, fi+1} and i ∈ Z2,
{ai, ci+1, fi,∞2 − x}, x ∈ {ai+1, bi, ci, di, ei, fi+1} and i ∈ Z2,
{ai, ei+1, di,∞3 − x}, x ∈ {ai+1, bi, ci, di+1, ei, fi} and i ∈ Z2,
{ai, di+1, fi+1,∞4 − x}, x ∈ {ai+1, bi, ci, di, ei, fi} and i ∈ Z2,
{∞1, ci, ei, ai − x}, x ∈ {bi+1, bi, ci+1, di, di+1} and i ∈ Z2,
{∞2, ei, di, bi − x}, x ∈ {ci, ci+1, di+1, ei+1, fi} and i ∈ Z2,
{∞3, bi, ci+1, fi+1 − x}, x ∈ {di, di+1, ei, ei+1} and i ∈ Z2,
{∞3, bi, fi+1, ci+1 − ei}, i ∈ Z2,
{∞4, bi, ei+1, ci − x}, x ∈ {di, di+1, ei} and i ∈ Z2,
{∞4, bi, ci, ei+1 − x}, x ∈ {di, di+1} and i ∈ Z2,
{∞4, ei+1, ci, bi − fi+1}, i ∈ Z2,
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{a1, b0, b1, a0 − x}, x ∈ {c0, e0, f0},
{a0, b0, b1, a1 − x}, x ∈ {c1, e1, f1},
{c1, d0, d1, c0 − x}, x ∈ {f0, f1},
{c0, d0, d1, c1 − x}, x ∈ {f0, f1},
{c0, c1, d1, d0 − b0}, {c0, c1, d0, d1 − b1},
{e1, f0, f1, e0 − x}, x ∈ {b0, a1},
{e0, f0, f1, e1 − x}, x ∈ {a0, b1},
{e0, e1, f1, f0 − a1}, {e0, e1, f0, f1 − a0},
{∞1, c0, e0, a0 − a1}, {∞1, a1, e1, c1 − c0},
{∞2, b0, d0, e0 − e1}, {∞2, b1, e1, d1 − d0},
{∞3, c1, f1, b0 − b1}, {∞3, b1, c0, f0 − f1}.
It is readily checked that (X,B) is a (7(K16\K4),K4 +e)-design. Delete the dangling edge in each (K4 +e)-block and
rearrange them into the following collection of copies of K4: {ai, ci, ei,∞1}, {ai, ci+1, fi,∞2}, {ai, ei+1, di,∞3},
{ai, di+1, fi+1,∞4}, {bi , fi, di+1,∞1}, {bi, ei, di,∞2}, {bi , fi+1, ci+1, ∞3}, {bi, ei+1, ci,∞4} where i ∈ Z2,
{a0, a1, b0, b1}, {c0, c1, d0, d1}, {e0, e1, f0, f1}. 
Lemma 7.6. For any integer v ≡ 1, 4 (mod 12) and v13, there exists a (7Kv,K4 + e >K4)-design.
Proof. For v= 28, 49, 64, the conclusion follows by Theorem 3.6 and Construction 2.4. For n= 13, 25, 37, 61, 73, the
conclusion follows by Lemma 7.2. For v = 16, 40, 52, 76, the conclusion follows by Lemma 7.4. Next we deal with
the case v85.
Let v = 12s + a where a = 1, 4 and s7. By Lemma 2.9 there exists a ({4, 7}, 1)-GDD(3s). Give each point of
this GDD a weight 4, by Construction 2.1, we have a (K4 + e >K4, 7)-HDM(12s). The needed input designs are from
Lemma 7.1. There is a (7(K16\K4),K4 + e >K4)-design by Lemma 7.5. Add a ideal points to each hole of the HDM
to obtain a (7Kv,K4 + e >K4)-design by Construction 2.2. 
Theorem 7.7. Meta(K4 + e >K4, 7) = {v : v ≡ 1, 4 (mod 12), v13}.
Proof. The conclusion follows by Lemma 7.6. 
8. = 14
Lemma 8.1. There exists a (K4 + e >K4, 14)-HDM of hole-type gt , where (g, t) ∈ {(2, 4), (2, 7), (2, 19), (3, 4),
(3, 7)}.
Proof. From the proof of Lemma5.3, there exists a (K4+e >K4, 1)-HDMof hole-type 27. Hence, a (K4+e >K4, 14)-
HDM of hole-type 27 exists.
Let H = {tZgt + i : 0 i t − 1}. For each pair (g, t) ∈ {(2, 4), (2, 19), (3, 4), (3, 7)}, we construct a cyclic
(14Kg,...,g, K4 + e)-design (Zgt ,H,B) by listing its base blocks as follows:
(2, 4): {0, 2, 5, 3 − a} where a = 1, 4, 6, {0, 1, 2, 3 − b} where b = 4, 5, 6.
(2, 19): 2{0, 1, 3, 13 − (i + 25)}, 2{0, 4, 9, 20 − (i + 26)}, 2{0, 6, 14, 21 − (i + 21)} where 1 i6.
(3, 4): {0, 1, 2, 7 − a} where a = 4, 5, 10, {0, 1, 3, 6 − b} where b = 4, 5, 11, {0, 1, 3, 10 − c} where c = 4, 5, 9.
(3, 7): {0, 1, 3, 16 − a} where a = 6, 7, 8, 13, 14, 15, {0, 1, 4, 12 − b} where b = 3, 6, 7, 8, 9, 11, {0, 2, 6, 11 − c}
where c = 1, 3, 5, 7, 9, 16.
For each (g, t), delete the dangling edge in each (K4 + e)-blocks of B and place them in D and thus D forms
a two-fold complete multipartite graph 2Kg,...,g . By Lemma 2.7 there is a (4, 2)-GDD(gt ) (Zgt ,H,BD). So, the
deleting edges D can be rearranged into a collection BD of blocks of size 4. 
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Lemma 8.2. Let p ≡ 1 (mod 3) be a prime and p5. Then there is a (14Kp,K4 + e >K4)-design.
Proof. Let (Zp,B) be a (14Kp,K4 + e)-design by listing the base blocks: {0, i, 2i, 3i − 4i}, where i ∈ Z∗p. Delete
the dangling edge in each (K4 + e)-blocks and place them inD and thusD forms a two-fold complete graph 2Kp. By
Lemma 2.7 there is a (4, 2)-GDD of type 1p (Zp,BD). So, the deleting edges D can be rearranged into a collection
BD of blocks of size 4. 
Lemma 8.3. There exists a (14Kn,K4 + e >K4)-design where n = 10, 34, 55, 58, 115.
Proof. n = 10: Let (Z10,B) be the (14K10,K4 + e)-design with the base blocks:
{0, 1, 2, 3.4}, {0, 1, 2, 4.5}, {0, 1, 3, 5.7},
{0, 1, 3, 5.7}, {0, 1, 3, 6.9}, {0, 1, 4, 6.9},
{0, 1, 4, 6.2}, {0, 1, 4, 6.2}, {0, 1, 4, 7.2}.
Delete the dangling edge in each (K4 + e)-blocks and place them in D and thus D forms a 2-fold complete graph
2K10. By Lemma 2.7 there is a (4, 2)-GDD of type 110 (Z10,BD). So, the deleting edges D can be rearranged into a
collection BD of block of size 4. This gives a (14K10,K4 + e >K4)-design.
For v=34, 58, write v=3t+1where t=11, 19. LetX=(Zt ×Z3)∪{∞} and (X,B) be the (14K3t+1,K4+e)-design
with the base blocks:
{(x, i), (−x, i), (2x, i + 1), (−2x, i + 1) − (0, i + 1)} where i ∈ Z3 and x ∈ Zt\{0};
{(x, i), (−x, i), (2x, i + 1), (−2x, i + 1) − (0, i)} where i ∈ Z3 and x ∈ Zt\{0, 1,−1};
{(x, i), (−x, i), (2x, i + 1), (−2x, i + 1) − (0, i + 2)} where i ∈ Z3 and x ∈ Zt\{0, 1,−1};
2{(1, i), (−1, i), (2, i + 1), (−2, i + 1) − b} where i ∈ Z3 and b = ∞, (−2, i + 2);
2{∞, (0, i), (0, i + 1), (0, i + 2) − c} where i ∈ Z3 and c = (−2, i), (−2, i + 1).
Delete the dangling edge in each (K4 + e)-blocks and place them in D and thus D forms a 2-fold complete graph
2K3t+1. By Lemma 2.7 there is a (4, 2)-GDD of type 13t+1 (X,BD). So, the deleting edgesD can be rearranged into
a collection BD of block of size 4. This gives a (14Kv,K4 + e >K4)-design for v = 34, 58.
For v=55:We ﬁrst construct a (K4+e >K4, 7)-HDMof hole-type 69. LetG={9Z54 : 0 i8}.A (7K6,...,6,K4+
e)-design (Z54,G,B) is constructed with the base blocks:
{0, 1, 3, 13 − (i + 31)}, {0, 4, 21, 32 − (i + 32)}, {0, 5, 19, 25 − (i + 33)} where 1 i6;
{0, 7, 15, 31 − a} where a = 5, 6, 14, 23, 47.
Delete the dangling edge in each (K4 + e)-blocks and place them in D and thus D forms a complete multipar-
tite graph K6,...,6 of type 69. By Lemma 2.7 there is a (4, 1)-GDD of type 69 (Z54,BD). So, the deleting edges
D can be rearranged into a collection BD of block of size 4. This gives a (K4 + e >K4, 7)-HDM of type 69.
Hence, there exists a (K4 + e >K4, 14)-HDM of type 69 by Construction 2.4. By Construction 2.2 with a = 1
and a (14K7,K4 + e >K4)-design from Theorem 4.5, there is a (14K55,K4 + e >K4)-
design.
For v = 115: By Lemma 8.1 there exists a (K4 + e >K4, 14)-HDM of type 219. By Theorem 2.6 with l = 3
there is a (K4 + e >K4, 14)-HDM of type 619. By Construction 2.2 with a = 1, there is a (14K115,K4 + e >K4)-
design. 
Lemma 8.4. There exists a (14(K22\K4),K4 + e >K4)-design.
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Proof. LetX1={∞1,∞2,∞3,∞4} andX2={a, b, c}. SetX=X1∪(X2×Z6).We consider the following collection
B of copies of K4 + e:
{ai, ci, ai+1,∞1 − x}, x ∈ {ai+2, bi, ci+1}, i ∈ Z6 (twice),
{ai+3, ci, ci+2,∞2 − x}, x ∈ {ai, bi, ci+1}, i ∈ Z6 (twice),
{ai, bi, ci+1,∞3 − x}, x ∈ {ai+1, bi+1, ci}, i ∈ Z6 (twice),
{ai, ci+1, bi+3,∞4 − x}, x ∈ {ai+1, bi, ci}, i ∈ Z6 (twice),
{∞1, bi, bi+2, ci+2 − ai+j }, j ∈ Z6, i ∈ Z6,
{∞2, bi+1, bi+2, ai − ci+j }, j ∈ Z6, i ∈ Z6,
{∞3, bi+5, ci+2, ai − ai+j+1}, j ∈ {0, 1, 2} ⊆ Z6, i ∈ Z6,
{∞3, ci+2, ai, bi+5 − bi+j }, j ∈ {0, 1, 2} ⊆ Z6, i ∈ Z6,
{∞4, ai, ci+4, bi+5 − ci+j }, j ∈ {0, 1, 2} ⊆ Z6, i ∈ Z6,
{∞4, ai, bi+5, ci+4 − ci+j }, j ∈ {0, 1, 3} ⊆ Z6, i ∈ Z6,
{ai, bi+1, bi+3, bi − ci+j }, j ∈ Z6, i ∈ Z6,
{ci, ci+1, ci+3, bi − ai+j }, j ∈ Z6, i ∈ Z6,
{ci, ai+2, bi+4, ai − bi+j }, j ∈ {0, 1, 2} ⊆ Z6, i ∈ Z6,
{ai, ai+2, bi+4, ci − bi+j }, j ∈ {0, 1, 2} ⊆ Z6, i ∈ Z6,
{ci, ci+1, bi+2, ai+4 − ai+j }, j ∈ {2, 3} ⊆ Z6, i ∈ Z6,
{ci, ci+1, ai+4, bi+2 − bi+j }, j ∈ {0, 1} ⊆ Z6, i ∈ Z6,
{ci, bi+2, ai+4, ci+1 − ci+j }, j ∈ {2, 3} ⊆ Z6, i ∈ Z6,
{ai+2, ai+3, ai+5, ai − bi+3+j }, j ∈ {0, 1, 2} ⊆ Z6, i ∈ {0, 1, 2} ⊆ Z6,
{ai+2, ai+5, ai, ai+3 − bi+j }, j ∈ {0, 1, 2} ⊆ Z6, i ∈ {0, 1, 2} ⊆ Z6.
Then (X,B) is a (14(K22\K4),K4 + e)-design. Delete the dangling edge in each (K4 + e)-block and replace them
with the following copies of K4: {ai , ci , ai+1, ∞1}, {ai+3, ci, ci+2, ∞2}, {ai , bi , ci+1, ∞3}, {ai, ci+1, bi+3,∞4},
{bi, bi+2, ci+2,∞1}, {bi+1, bi+2, ai,∞2}, {ai, bi+5, ci+2,∞3}, {ai , ci+4, bi+5, ∞4}, {ai , bi , bi+1, bi+3}, {bi , ci , ci+1,
ci+3},{ci , ai , ai+2, bi+4}, {ci , ci+1, bi+2, ai+4} where i ∈ Z6, and {ai, ai+2, ai+3, ai+5} where i ∈ {0, 1, 2} ⊆ Z6. This
completes the proof. 
Lemma 8.5. For any integer v ≡ 1 (mod 3) and v7, there exists a (14Kv,K4 + e >K4)-design.
Proof. By Theorem 7.7 and Construction 2.4 we only need to deal with the cases v ≡ 7, 10, 19, 22, 31, 34 (mod 36).
For n = 7, 22, 70, 106, the conclusion follows by Theorem 4.5 and Construction 2.4. For n = 19, 31, 67, 103, the
conclusion follows by Lemma 8.2. For n= 10, 34, 55, 58, 115, the conclusion follows by Lemma 8.3. Next we divide
the problem as follows.
For v=36s+7, s1 and s = 3: ByLemma8.1 there exists a (K4+e >K4, 14)-HDMof types 24 and 27. ByTheorem
2.6with l=3 there is a (K4+e >K4, 14)-HDMof types 64 and 67. ByLemma2.9 there exists a ({4, 7}, 1)-GDD(16s+1).
Give each point of this GDD a weight 6. By Construction 2.1, there is a (K4 + e >K4, 14)-HDM(66s+1). Applying
Construction 2.2 with a = 1, we have a (14Kv,K4 + e >K4)-design.
For v = 36s + 18 + a, a = 1, 4 and s2: By Lemma 2.9 there exists a ({4, 7}, 1)-GDD(32s+1). Give each point
of this GDD a weight 6. By Construction 2.1 there is a (K4 + e >K4, 14)-HDM(182s+1). By Construction 2.2 and
Lemma 8.4, we have a (14Kv,K4 + e >K4)-design.
For v = 36s + 10 and s1: By Lemma 2.9 there exists a ({4, 7}, 1)-GDD(34s+1). Give each point of this GDD a
weight 3. By Construction 2.1 there is a (K4 + e >K4, 14)-HDM(94s+1). The needed input designs are from Lemma
8.1. By Construction 2.2 with a = 1 and Lemma 8.3, we have a (14Kv,K4 + e >K4)-design.
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For v = 36s + 30 + a, a = 1, 4 and s3: By Lemma 2.10 there exists a (4, 1)-GDD(23s51). Give each point of
this GDD a weight 6. By Construction 2.1 there exists a (K4 + e >K4, 14)-HDM(123s301). By Lemma 7.5 there is a
(14(K16\K4),K4 + e >K4)-design. By Construction 2.2, we have a (14Kv,K4 + e >K4)-design. 
Theorem 8.6. Meta(K4 + e >K4, 14) = {v : v ≡ 1 (mod 3), v7}.
Proof. The conclusion follows by Lemma 8.5. 
9. = 21
Lemma 9.1. Let p ≡ 3 (mod 4) be a prime and p5. Then there is a (21Kp+1,K4 + e >K4)-design.
Proof. Let (Zp∪{∞},B) be a (21Kp+1,K4+e)-design by listing the base blocks: 3{∞, 0, 1, 3−4}, 3{0, 1, 2,∞−1},
3{0, i, 2i, 3i − 4i} where i = 2, 3, . . . , (p − 1)/2. Delete the dangling edges in each (K4 + e)-blocks and place them
in D and thus D forms a 3-fold complete graph 3Kp+1 on Zp ∪ {∞}. By Lemma 2.7 there is a (4, 3)-GDD(1p+1)
(Zp ∪ {∞},BD). So, the deleting edges D can be rearranged into a collection BD of block of size 4. 
Lemma 9.2. Let q ≡ 1 (mod 4) be a prime power and q5. Then there is a (21Kq,K4 + e >K4)-design.
Proof. Let Fq be a ﬁnite ﬁeld with q elements. Choose four distinct elements a, b, c and d in F ∗q . We construct
a (21Kq,K4 + e)-design by listing the base blocks: 3{0, ai, bi, ci − di}, where i take over all representatives in
F ∗q /{1,−1}. Delete the dangling edge in each (K4 +e)-blocks and place them inD and thusD forms a 3-fold complete
graph 3Kq . By Lemma 2.7 there is a (4, 3)-GDD(1q) (Fq,BD). So, the deleting edges D can be rearranged into a
collection BD of block of size 4. 
Lemma 9.3. If v ≡ 1 (mod 4) and v5, then there exists a (21Kv,K4 + e >K4)-design.
Proof. By Lemma 9.2 there exists a (21Kn,K4 + e >K4)-design for n= 5, 9, 13. By [1], we have a (v, {5, 9, 13}, 1)-
PBD for any integer v ≡ 1 (mod 4) and v = 17, 29, 33. By Construction 2.3 there exists a (21Kv,K4+e >K4)-design
for any integer v ≡ 1 (mod 4) and v = 17, 29, 33.
For v = 17, 29, the conclusion follows by Lemma 9.2. For v = 33, by Lemma 9.1 there is a (21K8,K4 + e >K4)-
design, and hence a (K4+e >K4, 21)-HDM(18). ByTheorem 2.6with l=4 there exists a (K4+e >K4, 21)-HDM(48).
Applying Construction 2.2 with a = 1, we have a (21K33,K4 + e >K4)-design. 
Lemma 9.4. If v ≡ 0 (mod 4) and v5, there exists a (21Kv,K4 + e >K4)-design.
Proof. For v = 5, 8, 9, the conclusion follows by Lemmas 9.1 and 9.2.
Let E ={12, 20, 24, 32, 44, 60, 68, 84, 104, 108, 132, 192, 212, 228, 252, 272, 308, 312}, and F ={16, 28, 52, 92,
96, 100, 112, 116, 124, 140, 156, 172, 204, 244, 268, 300}. For any v ≡ 0 (mod 4), v5 and v /∈E∪F , by [1] we have
a (v, {5, 8, 9}, 1)-PBD. Hence there exists a (21Kv,K4 + e >K4)-design by Construction 2.3 for any v ≡ 0 (mod 4),
v5 and v /∈E ∪ F .
For each v ∈ E, it is checked that v − 1 is prime and v − 1 ≡ 3 (mod 4). By Lemma 9.1, there exists a (21Kv,K4 +
e >K4)-design.
For each v ∈ F\{96, 116, 156, 300}, there exists a (21Kv,K4 + e >K4)-design by Theorems 5.9 and 7.7 and
Construction 2.4.
For v=96, 156, 300, write v=12nwhere n=8, 13, 25. By Lemma 9.1 there exists a (K4 +e >K4, 21)-HDM(112).
Applying Theorem 2.6 with l = n, we have a (K4 + e >K4, 21)-HDM(n12). Hence, the conclusion follows by Con-
struction 2.2.
For v = 116, add a ideal point to a TD(5, 23) to get a (116, {5, 24}, 1)-PBD. By Construction 2.3 there exists a
(21K116,K4 + e >K4)-design. This completes the proof. 
Theorem 9.5. Meta(K4 + e >K4, 21) = {v : v ≡ 0, 1 (mod 4), v5}.
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Proof. The conclusion follows by Lemmas 9.3 and 9.4. 
10. = 42
Lemma 10.1. Let q ≡ 3 (mod 4) be a prime power, then there is a (42Kq,K4 + e >K4)-design.
Proof. Let Fq be a ﬁnite ﬁeld with q elements. Choose four distinct elements a, b, c and d in F ∗q . We construct a
(42Kq,K4 + e >K4)-design by listing the base blocks: 6{0, ai, bi, ci − di}, where i take over the square elements in
F ∗q . Delete the dangling edges in each (K4 + e)-blocks and rearrange them into the following base blocks of size 4:
{0, ai, bi, ci}, where i take over the square elements in F ∗q . 
Lemma 10.2. Let p ≡ 1 (mod 4) be a prime, then there is a (42Kp+1,K4 + e >K4)-design.
Proof. We construct a (42Kp+1,K4 + e)-design (Zp ∪ {∞},B) by listing the base blocks: 6{∞, 0, 1, 3 − 4},
6{0, 1, 2,∞ − 1}, 3{0, i, 2i, 3i − 4i}, where i ∈ Z∗p\{1,−1}. Delete the dangling edges in each (K4 + e)-blocks
and place them in D and thus D forms a 6-fold complete graph 6Kp+1 over Zp ∪ {∞}. By Lemma 2.7 there is a
(4, 6)-GDD(1p+1) (Zp ∪{∞},BD). So, the deleting edgesD can be rearranged into a collectionBD of blocks of size
4. 
Lemma 10.3. For any integer v, there exists a (42Kv,K4 + e >K4)-design.
Proof. For v = 5, 6, 7, 8, 9, the conclusion follows by Lemma 10.2, Theorems 8.6 and 9.5.
For v ∈ N\{10 − 20, 22 − 24, 27 − 29, 32 − 34}, by [1] we have a (v, {5, 6, 7, 8, 9}, 1)-PBD. Hence there exists a
(42Kv,K4 + e >K4)-design by Construction 2.3.
For v ∈ {10− 20, 22− 24, 27− 29, 32− 34}, the conclusion follows by Lemmas 10.1, 10.2, Theorems 6.3, 8.6 and
9.5. 
Theorem 10.4. Meta(K4 + e >K4, 42) = {v : v5}.
Proof. The conclusion follows by Lemma 10.3. 
11. Conclusions
We are in a position to present our main result as follows.
Theorem 11.1. Necessary and sufﬁcient conditions for the existence of a (Kv,K4 + e >K4)-design are (v − 1) ≡
0 (mod 3), v(v − 1) ≡ 0 (mod 84) and v5. This determines the set Meta(K4 + e >K4, ) with any .
Proof. It follows by Theorems 3.6, 4.5, 5.9, 6.3, 7.7, 8.6, 9.5, 10.4 and Construction 2.4. 
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